Abstract. This article deals with the links between compensated compactness and two-scale convergence. More precisely, we ask the following question: Is the div-curl compactness assumption sufficient to pass to the limit in a product of two sequences which two-scale converge with respect to the pair of variables (x, x/ε)? We reply in the negative. Indeed, the div-curl assumption allows us to control oscillations which are faster than 1/ε but not the slower ones.
Introduction.
In order to study the asymptotic behavior of periodic problems arising in homogenization theory, Nguetseng introduced in [7] (see also Allaire [1] ) the notion of two-scale convergence:
Let 
A compactness theorem due to Nguetseng [7] establishes that if u ε is bounded in
M . Taking in (1.1) ψ(x, y) independent of y, we deduce that if u ε two-scale converges toû, then it converges weakly in L p (Ω) M to u := Yû (x, y) dy. On the other hand, if u ε strongly converges to u in L 1 (Ω) M , then it also two-scale converges to u. Therefore two-scale convergence is stronger than weak convergence and weaker than the strong one. Moreover, it provides an expression of the limit of the product u ε ψ(x, x ε ) of (1.1) in which each term only weakly converges.
In the periodic homogenization we usually deal with a sequence u ε which is not only bounded in L p (Ω) M but whose some combinations of its derivatives are also bounded. In this context, let us recall that if u ε converges weakly in
M if Ω smooth) and so u ε two-scale converges to u. Then we can conjecture that the classical results of the compensated compactness theory due to Murat and Tartar (see, e.g., [6] and [8] ), and in particular the div-curl theorem, still hold true when we replace the weak convergence in L p (Ω) M with two-scale convergence. In fact we have the following result: 
Consider the vector-valued sequences u ε and v ε defined by
and assume that The key ingredient of this counterexample is that 2-periodic functions are considered although the test functions are 1-periodic.
In order to understand the lack of compactness in two-scale convergence, let us recall the equivalence between the two-scale convergence theory and the method introduced by Arbogast, Douglas, and Hornung [3] to study the oscillations of a sequence
The equivalence between the two approaches is then given by the following result (see, e.g., [5] and [4] ):
and only if u ε two-scale converges toû.
The functionsû ε (x, y) are not continuous with respect to the variable x. If a combination of derivatives of u ε is bounded, we also get a bound for the same combination of derivatives with respect to the variable y ofû ε but not with respect to the variable x. This explains the lack of compactness in two-scale convergence. Proof of Proposition 1.1. We follow the multiscale procedure of [2] . Thanks to the separation of scales (1.2) the sequences u ε , v ε , and u ε · v ε , respectively, twoscale converge toû : Proof of Theorem 1.2. Let us consider two vector-valued functions Φ, Ψ ∈ C
